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ABSTRACT

By its very nature, interpolation in a vector field is ambiguous, owing to the somewhat .arbitrary
nature of the vector norm. Since a two-dimensional vector field can be specified by two scalar quanti-
ties, which can be separately interpolated, the ambiguity can be resolved by forcing the interpolated
wind field to preserve the vorticity and divergence fields associated with the raw data. A method to
calculate divergence and vorticity directly from randomly spaced wind observations is developed and,
using analytically generated data, shown to produce more accurate resuits than conventional compu-
tations. Two methods of retrieving the wind field from the analyzed scalar fields are presented
and also tested on the analytic field. Finally, total analysis, from wind observations to gridded wind

fields, is demonstrated on real meteorological data.

1. Introduction

A fundamental problem in numerical analysis is
that of non-uniqueness of vector field interpolation
. (Levinson and Redheffer, 1970, p. 409). This arises
since a vector is a directed quantity; interpolation
of components does not necessarily yield the same
results as interpolation of magnitude and direction.
This problem can have a significant impact on ob-
jective interpolation of the meteorological wind
field. For a simple demonstration, consider two
points on an east-west line (Fig. 1). At point A
the horizontal wind is westerly (270°) at 10 m s™!
while at point C it is southerly (180°) at 10 m s—!.
The interpolated wind speed at the midpoint (B) is
also 10 m s™? from a direction of 225°. However,
component interpolation gives a reconstructed
wind which has a speed of 7.07 m s™!, again from a
direction of 225°. An example of this interpolation
problem’s effect has been shown by Williams (1976).
In a comparison of data interpolated via computer
to that interpolated manually, he found that while the
two methods yielded virtually equivalent values for
scalar quantities (e.g., temperature, pressure, dew-
point temperature), the wind speed estimates dif-
fered by an average of 3.5 m s~!, while wind direc-
tions were roughly equivalent.

For simplicity, this discussion is limited to the
horizontal wind, a two-dimensional vector field.
Such vectors can be uniquely defined, to within a
vector constant, by the velocity potential and
streamfunction (Schwartz et al., 1960, p. 326).
The velocity potential represents the irrotational
component of the vector field while the streamfunction
corresponds to the nondivergent portion of it. The

horizontal divergence of the wind and appropriate
boundary conditions determine the velocity po-
tential. Similarly, the vertical component of vorticity
is used to find the streamfunction, again under the
boundary conditions. Since these are scalars, any of
a wide variety of interpolation schemes can be
applied to them (e.g., Doswell, 1977).

Certain aspects of this approach have been ex-
amined by Ceselski and Sapp (1975). However,
their presentation does not emphasize the details
concerning the technique used to determine ‘‘meas-
ured’’ vorticity and divergence and does not ob-
jectively assess the quality of the results. Rather,
they have concentrated on the interpolation
methods. Further, we feel that determination of re-
constructed winds from the resulting divergence
and vorticity fields requires additional examination.

The wind recovery process intimately depends
upon the proper specification of boundary condi-
tions. Several papers have discussed this problem
(e.g., Stephens, 1968; Hawkins and Rosenthal,
1965; Bedient and Vederman, 1964; Sangster, 1960).
The essence of these works is that specification of
boundary conditions (Dirichlet, Neumann or mixed)
on streamfunction and velocity potential prede-
termines the structural details of the wind field, to
some degree.

Two different inversion techniques based on
variational methods are presented here. The first re-
quires the wind field to have the specified divergence
and vorticity, subject to the constraint that the
domain-averaged velocity of the analyzed field
equals that obtained through a prior component
interpolation. The second method forces the wind
field’s divergence and vorticity to be as close to
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the predetermined values as is possible, under the
restriction that the winds around the boundary have
a point-by-point correspondence to those obtained
by some independent interpolation technique.

2. Direct evaluation of divergence and vorticity

a. Advantages of integral definition

From a generalization of Stokes’ Theorem, the
horizontal divergenge can be computed either by
differentiation or by integration:

1
stﬂ-vsa—”+ﬁleim—§ kv X dr, (1)
ox dy 40 r

where A = [[sdo is the area of the surface S, k a unit
“vector normal to S, do a differential surface area,
and dr the differential of the position vector along
the curve I which bounds S and lies in the horizontal
plane. In applying the differential definition to real
data, many problems arise. As pointed out in Sec-
tion 1, interpolation of winds to a uniform grid is a
non-unique process. Further, a conventional cen-
tered difference always underestimates the true
derivative [via multiplication by a diffraction func-
tion, as shown by Hamming (1962, p. 318)]. A
third error source stems from the limited accuracy
of the data itself. Morel and Necco (1973) have
shown that the total uncertainty of the computa-
tion can be greater than 100%.

The integral definition eases these constraints.
Since line integrals are being evaluated, an initial
interpolation of the winds is not necessary. Rather,
it is assumed that an individual wind measurement
represents an average value along a portion of the
path of integration. Also, the ‘‘roughing’’ inherent
in numerical differentiation is replaced by the
“‘smoothing’’ of integration. However, the increased
number of ‘‘data points’ available (Ceselski and
Sapp, 1975) allows a compensating resolution in-
crease in the interpolated fields. While there is still
uncertainty in the computations, Eddy (1964) has
concluded that the noise level in the meteorologi-
cally important part of the spectrum is significantly
less than the true value. It must be pointed out that
the limit in the defining equation implies that the
computed divergence is the average value within the
spatial curve considered and not a true point value.
Thus, a horizontal scale is attached to each esti-
mate. Morel and Necco (1973) have shown that the
spectrum is adequately measured for wave lengths
greater than about 400 km (the approximate spac-
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FiG. 1. Schematic example of non-uniqueness problem
in vector interpolation.
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FiG. 2. Geometric configuration for three different methods of
evaluating the line integral definitions (see text for details).

ing between rawinsondes over the contiguous
United States).

The vertical component of vorticity can be simi-
larly defined through an integration procedure:

2

Since the rotation of wind vectors 90° to the right
produces a wind field with vorticity equal to the
divergence of the original field (Saucier, 1955, p.
339), comments on the divergence estimates are
directly applicable to vorticity, and evaluation
techniques are similar.

b. Method of evaluation

- Bellamy (1949) has developed a method of esti-
mating divergence via an integral technique. For
the curve I', a triangle is selected with vertices at the
wind observation points (points A, B, C, in Fig. 2).
The winds are then allowed to displace the vertices
for a time interval 8. Since divergence is equal to
the percentage increase in area enclosed by the
curve per unit time, an estimate of its value is
immediately obtained. This method assumes that the
wind varies linearly along each leg of the triangle.
Under the linearity assumption, a direct evalua-
tion of the line integrals in Egs. (1) and (2) is possible.
The mean wind along each leg of the triangle is
considered to be the component average of the
values at the two vertices. It is informative to note
that this divergence estimate differs from that ob-
tained by the Bellamy method. Direct evaluation of
the line integral yields a change in area equal to the
hatched portions in the figure. The Bellamy method
considers not only this expansion, but also an addi-
tional area around each vortex (stippled portions of
figure). The magnitude of the difference between
these results is directly proportional to the time
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increment & chosen for the Bellamy method. As
8t approaches zero, the two methods converge to
the same answer. '

A third method of evaluation is available. A *“cir-
cumscribed” triangle can be constructed (points
A', B, C' in Fig. 2) so that wind observations are
located at the mid-point of each leg. When this is
done, it is no longer necessary to compute an ‘‘aver-
age”” wind along each segment. Rather, the mean
wind along a side is approximated by the only wind
measured along it. This is obviously crude, but it
- makes maximum use of observed data, reserving
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filtering and smoothing to the interpolation scheme
used to grid the randomly spaced data, where the
response can be spectrally controlled. Evaluation
of the line integral is straightforward, with results
virtually identical to those of the second method
above. ‘

It should also be noted that the derivative and
integral evaluations of the divergence (vorticity) are
equivalent, to within an approximation involving
the determination of an ‘‘average’’ wind vector. To
see this, we consider a centered finite difference
scheme, so that

Vev|, ~ Us — U5 V3=V _ (us — us)28y) + (v4 — v:)2A%) _ 1 § k-v x dr, 3)
2Ax 2Ay 4AxAy A

R Rl N Sl W (uy — u)2Ax) + (v — v5)R4y) 1 v-dr, @
2Ax 2Ay 4AxAy A

where the grid is arranged as indicated in Fig. 3.
In applying the derivative definition, it is tacitly as-
sumed that the mean wind along the path con-
necting three grid points is equal to the wind at the
center point (e.g., the average wind along the path
connecting points 6 and 7 equals v3). This may not be
true. The smoothing process used by the National
Meteorological Center model (Shuman and Hover-
male, 1968) ¢hanges this implied averaging of the
wind by effectively assuming that the mean wind
along a path is obtained with a Hann average
(Blackman and Tukey, 1958, p. 171).

Both theoretical and practical considerations
limit the triangles for which divergence computa-
tions can be reliably made. From a large set of
wind observations, a much larger set of triangles
can be obtained. The process of choosing a
particular subset of triangles from the set of all
possible triangles has an influence on the diver-
gence calculation, since the computed divergence
values are not independent. Instead, each repre-
sents an average divergence over its associated
triangle, which shares at least one side with adja-
cent triangles. Ideally, uniform triangle sizes should
be used. Further, they should have an area com-
mensurate with that of the grid used in the final ob-
jective analysis (Eddy, 1964). Since evaluation of
the line integral becomes unstable when the data
are unevenly distributed with respect to the centroid,
the ideal triangles should be equilateral.

For real meteorological data, none of these re-
quirements can be precisely satisfied, but they are
used as constraints in selecting which triangles to
consider. In a manner somewhat similar to Celselski
and Sapp (1975), an initial circle is drawn around
each wind observation. Within that circle, the num-
ber of wind observations is counted. The radius of

the circle is then systematically varied until at least
four but less than nine observations (to limit the
possible triangles within the circle to a reasonable
number) are contained within it. All combinations of
the selected observations are then used to construct
candidate triangles. Candidate triangles may over-
lap, and do not have to include the central observation
point. From geometric considerations, any triangle
containing an arbitrarily chosen minimum angle of
15° or less is immediately discarded.

The remaining triangles are each assigned a weight
equal to the square of the tangent of the minimum
angle, divided by the area. This empirically moti-
vated weight has the feature that for similar tri-
angles, the one with the smallest area has the largest
weight. For equal area triangles, the one closest -
to being equilateral will be weighted most. It
should be emphasized that this weighting is not used
in the interpolation, but is only done to choose
those candidate triangles which are closest to being
ideal. Within each scanning circle, the maximum
number of triangles retained is arbitrarily set at two
more than the number of data points it contains.

From these triangles, the line integrals are evalu-
ated. A divergence (or vorticity) value is computed
at each triangle centroid. These values are con-
sidered as observations and interpolated to a uni-
form grid. The grid, shown in Fig. 4, is chosen such
that its spacing is roughly half that of the average
data spacing. This results in each grid point repre-
senting an area about the size of the smallest candi-
date triangles.

c. Test of technique on an analytically defined

field

To show the validity of the technique, a proce-
dure similar to that of Leary and Thompson (1973)
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is employed. An analytic wind field ¢thus having
known divergence and vorticity) is defined. Wind
values at locations corresponding to the actual
rawinsonde observing stations (Fig. 4) are used to
evaluate the line integrals for divergence and vortic-
ity. Wind components, divergence and vorticity
are objectively interpolated to equally spaced grid
points. Interpolated wind components are used to
evaluate the differential definition of the derived
fields via centered differences.

A one-pass Gaussian weighting (Barnes, 1964)
has been chosen for interpolation. While argu-
ments exist in favor of other interpolation tech-
niques, this choice does not detract from the
generality of the conclusions. If fields com-
puted using the integral technique are substantially
better than those obtained through differentiation
when a simple interpolation method is employed,
the increased ‘‘resolution’’ available (because there
are more triangles than wind observations) should
make even greater improvement possible when more
exotic objective analysis techniques are used.

A synoptic time (1200 GMT 8 November 1977)
has been selected more or less at random. For
this time, 85 rawinsondes were released in and
around the analysis grid. From these observations,
333 triangles were retained by the selection routine.
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FiG. 3. Arrangement of a centered finite difference grid
(see text for details).

For the first test, a Rankine-combined vortex
(Milne-Thomson, 1968, p. 355) centered in Kansas
(the approximate center of the data-rich contiguous
United States) is defined over the analysis grid.
For such a flow field, the product of vorticity and
the two metrical coefficients (modified vorticity) is a
circular disk of constant value, with zero values
elsewhere. The modified vorticity field is also indi-
cated on Fig. 4. The divergence is identically zero.

When divergence is computed via the differential
definition, nine relatively strong centers (|D|
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FiG. 4. 50 kPa rawinsonde observing sites at 1200 GMT 8 November 1977,
with superimposed analysis grid. Shaded circle denotes region of constant
modified vorticity (2.99 x 105 s~1). Tick marks indicate the coordinates of the

grid.
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FiG. 5. Divergence times 107® s~!; shading denotes positive values. (a)
Differential definition from component analysis, (b) direct evaluation via line

integral.

> 5 X 1078 s71) are fallaciously created (Fig. 5a).
In contrast, the line integral evaluation yields no
values of this magnitude (Fig. 5b) and essentially
shows numerical noise superposed on the zero
divergence field.

A dramatic alteration of the modified vorticity
field occurs when the differentiation process is em-
ployed (Fig. 6a). The uniform core is broken into
-three distinct centers with very noticeable wave-
like perturbations developing along the theoretically
circular boundary. While line integration does not
yield a perfect observation of the field (Fig. 6b),
its representation is much closer to actuality. Only
one maximum is present and its general shape is

more nearly circular. Thus, for the Rankine-com-
bined vortex, the integral evaluation gives a sub-
stantial improvement in the estimation of kinematic
parameters. :

As a further test, a mathematical streamfunction
which resembles atmospheric flow (Miyakoda, 1963)
is examined:

P(x,y) = C — Uy — Vy2 + Wy? + A sin(x)
+B cos(2x) — E cos(x) sin(y)
= D{1 + [(x — xo)* + (y — yo)*VL*}7'2, (5)

where C, U,.V, W, A, B, E, D, L, xy and y, are
constants. Since this is a stream function, there is
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FiG. 6. Vorticity times 10-5 s7!; shading denotes areas in excess of 30
x 107% s~!, (a) Differential definition from component analysis, (b) direct
evaluation via line integral.

no divergence in the associated winds. For one
choice of the constants,! the streamfunction and its
associated vorticity field are shown in Fig. 7. Winds
implied by this streamfunction are computed at the
rawinsonde observing sites, and divergence and
vorticity are evaluated by both line integral and
derivative techniques. In neither case is the com-
puted divergence field (Fig. 8) equal to the true
(zero) field. However, the triangle method gives a
marked improvement over the component tech-

! The particular choice of constants depends on the grid
geometry, so that the actual values chosen are not of general
significance and have not been presented.

nique in the depiction. While ten centers of rela-
tively strong divergence are created by the differ-
ential evaluation, only three such centers are pres-
ent in the integral depiction. Further, the magnitudes
obtained by using the triangles are considerably
smaller than those found when the other method is
applied.

The discrepancies between the true vorticity field
and those computed by either of the two methods
(Fig. 9) are quite noticeable. Both methods of
evaluation show a reduction of about 25% in the
amplitude of the vorticity. This reduction is a
direct result of the interpolation’s spectral char-
acteristics and is not of concern here. There are






