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ABSTRACT

Several aspects of the problem of estimating derivatives from an irregular, discrete sample of vector observations
are considered. It is shown that one must properly account for transformations from one vector representation
to another, if one is to preserve the original properties of a vector point function during such a transformation
(e.g., from u and v wind components to speed and direction). A simple technique for calculating the linear .
kinematic properties of a vector point function (translation, curl, divergence, and deformation) is derived for
any noncolinear triad of points. This technique is equivalent to a calculation done using line integrals, but is
much more efficient.

It is shown that estimating derivatives by mapping the vector components onto a grid and taking finite
differences is not equivalent to estimating the derivatives and mapping those estimates onto a grid, whenever
the original observations are taken on a discrete, irregular network. This problem is particularly important
whenever the data network is sparse relative to the wavelength of the phenomena. It is shown that conventional
mapping/differencing schemes fail to use all the information in the data, as well. Some suggestions for minimizing
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- the errors in derivative estimation for general (nonlinear) vector point functions are discussed.

_ 1. Introduction

Information about the derivatives of a function can
be as important, if not more important, as that con-
cerning the function itself. That is, the relative distri-
bution may be of more interest than the particular val-
ues. Derivatives of the wind field, a vector point
function, have important kinematic and dynamic sig-
nificance; such derivatives permeate the diagnostic and
prognostic equations of meteorology, so that obtaining
good wind field derivative estimates becomes a matter
of substantial concern.

However, it is not always easy to fulfill this need
Part of the problem in obtaining good wind represen-
tations for use in meteorological diagnosis/prognosis
is the sparseness of meteorological data. This problem
is compounded by the irregularity of the sample points’
spatial distribution. Given a limited number of irreg-
ularly distributed wind observations, the goal is to-ex-
tract the maximum amount of useful information from
that sample.

The traditional approach to determining wind field
derivatives begins with an “objective analysis™ scheme
(e.g., see Cressman, 1959), applied to the irregularly-
distributed point values of the # and v wind compo-
nents as if they were independent scalars. The objective
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analysis maps the wind components from the original
sample points onto a regular grid. Once on the grid,
the wind component derivatives are obtained via finite
differencing. It is also relevant that analysis schemes
which do not require the mapped fields to replicate
exactly the observations at the sample points provide
a simultaneous smoothing of the data (Stephens and
Polan, 1971). Since meteorological data always contain
some unknown amount of noise, this is a desirable
property. That is, noise in the data tends to increase
the amplitudes of short-wavelength spectral compo-
nents, which are then magnified further by finite dif-
ference computations (Barnes, 1986).

In a previous paper (Schaefer and Doswell, 1979—
hereafter referred to as SD79), two-dimensional wind
field diagnosis was approached in a manner quite dif-
ferent from this traditional scheme. By calculating two-
dimensional vorticity ({) and divergence (D) directly
from the irregularly-distributed sample points via line
integrals, SD79 demonstrated considerable improve-
ment in the estimated derivative properties of the wind .
field by applying the technique to analytically specified
vector functions.

This paper explores the origins of the improvements
shown in SD79. We will show that derivative estima-
tion for general vector point functions may involve
treating them differently than pure scalar fields when
the density of the sample data is not high enough to
allow one to assume quasi-continuous data. However,
it will be shown that one must account for the vector
nature of the function only when the sampling density
falls below a level to be defined. A computationally
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simple technique for estimating wind field derivatives
is introduced which is equivalent to the line integral
method, but gives additional information as well. Fur-
ther, it will be demonstrated that the traditional ap-
proach fails to utilize all the information contained in
the wind observations, whereas the line integral concept
does, thus accounting for improved derivative esti-
mates. Distortions introduced into the derivative es-
timates by the standard approach can be avoided or
reduced by using the concepts developed here.

Although we have noted that wind field derivative
estimates are an important part of initialization for
numerical weather prediction models, it is not our in-
tent to pursue the implications of this study with respect
to prognostic models. Our primary concern is for di-
agnostic evaluation of wind field derivatives from ob-
servations, rather than the use of those diagnoses in
the complex context of modern forecast models. The
issues we explore, even within this restricted domain,
are subtle and complex enough.

The main point of this paper is to develop a theo-
retical basis for improved wind field interpolation
techniques. While much of this theory can be applied
to scalar functions, we are concentrating on the unique
nature of vector fields, so we shall not explore the ram-
ifications of this theory with respect to scalar analysis.
Application and empirical validation of the concepts
developed here will be pursued in a subsequent pub-
lication.

2. The properties of vector point functions

A vector point function specifies a vector at every
point within some domain. Given discrete sampling,
nothing is known about the vector function between
sample points, and yet it is this change in the vector
function from one point in the domain to another that
determines the derivatives of the function. With tra-
ditional approaches, the diagnosed wind component
fields can match the observations at the sample points
rather closely and yet not describe the derivative fields
at all well, as we shall attempt to show.

An issue raised in SD79 concerns the question of
what vector representation is appropriate for interpo-
lating vectors linearly. For the hypothetical example
given in SD79 involving only two observations of the
wind along a line (see their Fig. 1), a rather troubling
paradox arises. By linearly interpolating different rep-
resentations of the wind field (¥ and v wind components
versus wind speed, S, and direction,’ #) to the midpoint

3

! Note that in going from one representation to the other, a trans-
formation is involved, but it is not a transformation of coordinates.
Rather, it is a transformation of vector representations. Yet a third
type of transformation may be, involved, as when the underlying
space is transformed; e.g., the case of going from points on the surface
of a sphere to a flat plane. This latter transformation is not considered
in this paper.
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of the line connecting the two samples, SD79 pointed
out that different answers for the interpolated wind
speed at the midpoint are obtained. It was suggested
that this difference is attributable to “the somewhat
arbitrary nature of the vector norm” but the ambiguity
was never resolved.

For the example given in SD79, a complex picture
is revealed by considering other points along the con-
necting line in addition to the midpoint. In order to
illustrate the difference in the two representations, we
employ the (nonlinear) transformation between them:

u' = Scosd, S =(u?+0vH"7

v'= Ssind, 60’ = tan"'(v/u).

Thus, as shown in Fig. 1, if # and v are characterized
by a linear variation between the end points, the re-
sulting S’ and 6’ variations are nonlinear. Conversely,
if S and @ vary linearly, the implied u' and v’ distri-
butions between the endpoints are nonlinear. A reso-
lution of this issue can be found by considering the
nature of a vector point function.

a. Linear vector functions

This section assumes that we are in two-dimensional
orthogonal cartesian (OC) space, and the vector func-
tion (V) is linear. By definition then, following Saucier
(1955, p. 318) and Doswell (1984), the components of
V can be expressed by the linear terms in a Taylor’s
series expansion:

u(x, y) = u(xo, yo) + zx] (x = xo0) + (')y] (y — yo),
L
v(x, y) = v(xo, o) + 3 ](x Xo) + 8y] (y — »o),

1
where (xg, Jo) is some point at which the values of u
and v and their derivatives are known,? while (x, ) is
the point where the values of # and v are to be. deter-
mined. If we define the following quantities:

2a = 3—1 - Z—y = def(V), |

S T .
2’ = ? a—“ = def,(V), [ ?
2c=§£-—%’-;arot(V) =

2 As discussed in SD79, the line integral definition of the kinematic
properties involves a limit as the area of the triangle goes to zero.
Thus, the values computed properly apply at the centroid. For the
case of a linear field, these values are constant, so they do not change
as the area of the triangle shrinks.
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FIG. 1. Tllustration of how a linear variation in  and v components implies a nonlinear variation of the
speed and direction (a) and, conversely, how a linear variation of speed and direction forces a nonlinear
variation of the ¥ and v components (b). See text for the meaning of «’, v/, S’ and #'. Horizontal distance
units are arbitrary, referring to arc length along a line connecting two wind observations, as in Schaefer and

Doswell (1979).
then it is straightforward to show from (1) and (2) that
U= uy + aéx + a’dy + béx.— cdy,

a linear wind field satisfies
_ , 3)
v = o — ady + a'dx + bdy + cox,

where u,, Vo, @, @', b and ¢ are constants. In (3), u
= u(Xo, ¥o), Yo = V(xo, J0), 0X = (X — Xo), and &y = (y
— ¥o)- As noted in Doswell (1984), the applicability of
the linearity assumption depends on the length scale
associated with the spatial variation of the wind com-
ponents. This is discussed at some length below. For
now, consider how to employ (3) in describing the lin-
ear behavior of a vector field from the wind observa-
tions. .

There are six unknowns in (3): uo, vo, a, @', b and
c¢. These quantities are referred to in this paper as the
kinematic properties of the wind field. Specification of
values for these provides a complete description of a
linear wind field. It is reasonable to ask why one would
not prefer to specify such a vector function by providing
g, Vo, and the four derivatives du/dx, du/dy, dv/dx and
dv/dy. The answer is that vorticity ({), divergence (D),
and the resultant deformation (described by the square
root of the sum of squares of the two deformations and
the resultant axis of dilatation) are properties of the
vector field which should remain invariant during
transformations of the sort considered in this paper.
Thus, while the # and v components are not invariant,
- certain combinations of their OC coordinate derivatives
are; this suggests that treating # and v as independent
scalars can cause problems.

Since there are six quantities needed to specify a
linear vector field completély, this means that three

wind observations, which provide six pieces of infor-
mation about the wind field, are sufficient to solve for
the six kinematic quantities. If we define the row vec-
tors: D = (up, ¥o, 4, @', b, ¢) and U = (u,, vy, Uz, Vs,
us, v3), the latter of which contains the wind component
observations at the triad of points (x;, y,), (x2, }»), and
(x3, 1), then the system of equations one derives from
(3) is simply DX = U, where X is the six by six matrix:

[ 1 0 1 0 1 0
0 1 0 1" 0 1
ox; =0y oxp —O0y2  Ox3 —Oy3j_ X
oy X 6y, Oxy  dys X3 ’
ox; oy bxp 8y, Ox3  Oys

—on oxy —dy,  dxp —bys Oxs

Note that éx; and 8y; (i = 1, 2, 3) are distances from
the centroid of the three observation points. This sys-
tem can be solved easily for D = UX™!, Provided the
three samples are taken at noncolinear points, X! ex-
ists and there should be no conditioning problems un-
less the three sample points are very close to colinearity
(in which case det[X] approaches zero).

We have tested the ability of this scheme to deter-
mine the kinematic properties of linear flow fields (see
Fig. 2 for some examples). Values were specified for
the components of the vector D and used in (3) to form
a regular grid of wind vectors, as in Fig. 2. Then various

. combinations of any three noncolinear points were

chosen to specify the components of U and a simple
Gauss-Jordan algorithm was used to find X™!. The re-
sulting calculated components of D were the same, to
five decimal places, as the input values, using single
precision arithmetic on an IBM PC-XT. It is note-
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FIG. 2. Four examples of linear vector point functions. The six kinematic quantities are specified
on each example, in arbitrary units.

worthy that this calculation gives values of vorticity
and divergence that are equivalent to those found by
SD79 in evaluating line integrals around triangles
formed by three noncolinear data points. This can be
shown by evaluating X' analytically. Further, this
method also provides u, and vy, the local translation
components (see Saucier, 1955, p. 318). Zamora et al.
(1987) provide an example of how this technique can
be used to estimate the first derivatives of the wind
field, for a situation in which X is fixed—once X! is
determined in such a case, it need not be recalculated,
making this approach quite efficient for derivative es-
timation.

Having established what we mean by a linear vector
point function, let us return to the issue raised in SD79
about choosing a vector representation. When only two
observations of the wind are given, this is insufficient
to specify completely even a linear vector field. How-
ever, if the field is assumed to be linear, then along any
arbitrary straight line the tips of the vectors whose tails
are on that line also form a straight line. This can be
seen by examining Fig. 2. In SD79, no explicit as-
sumption about the character of the vector field was
made. However, it was assumed that the interpolation
was linear. Such an interpolation apportions any dif-
ferences between observations linearly along the line.
If this interpolation procedure is done for speed and

direction, the tips of the interpolated vectors do not lie
along a straight line, implying that the wind field is
nonlinear. If the differences in ¥ and v components
are apportioned linearly, the resulting interpolated
wind vector tips do, indeed, lie on a straight line. The
choice between representations, when the wind field is
assumed to be linear, is clearly that of ¥ and v com-
ponents. The resolution of the issue is achieved when
the character of the vector field is specified. Of course,
no true wind field can be completely linear, since the
velocity components of linear fields increase in mag-
nitude without limit as distances tend to infinity. Thus,
we turn now to nonlinear vector point functions.

b. Nonlinear vector functions

When any of the kinematic quantities vary in space,
the field is nonlinear. The Mean Value Theorem of
the calculus implies that calculations of first derivatives
[the relation between the kinematic quantities and the
first derivatives is shown in (4) below] apply only lo-
cally, within a neighborhood of the point to which the
quantities are assigned. The nonlinear nature of the
flow must be accounted for by the point-to-point vari-
ation in kinematic properties. However, if the scale of
the nonlinearity is on the order of the distance between
sample points, then first derivative estimates can be
seriously in error.
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What is meant by “the scale of the nonlinearity”? If
we suppose that the function is represented by a si-
nusoidal variation [e.g., #(x) = A4 sin(2=x/L), where L

. is a wavelength], then near the inflection points the
function is well-approximated by a straight line over a
length which is some fraction of L. However, near the
extrema, curvature is so large that representation of
that part of the function by a straight line is accurate
only over a much smaller fraction of L than near the
inflection points. One way to think of the scale of the
nonlinearity is in terms of this length over which the
variation of the function is well-approximated by a
straight line. (In two dimensions, the analog to this is
a region over which the gradient has nearly constant
magnitude and direction.) ’

Another way to think of scaling the nonlinearity is
to consider the Fourier spectrum of the function. When
the spectrum has large amplitude only at wavelengths
much larger than the sampling interval (say, A), the
sample is capable of representing the field well. This
means that for functions composed primarily of long
wavelengths (relative to A), we can assume that non-
linearity in the flow field is well approximated as the
point-to-point variation of the linear terms. Should
there be significant amplitude present at scales on the
order of A, the point-to-point variation of the first de-
rivatives does not approximate the nonlinearity prop-
erly.

Three (noncolinear) observations of the vector func-
tion completely specify the linear variation but leave
the nonlinear variations undetermined. If there are
more than three observations, the local linear properties
can be estimated for every suitable’triad. Each such
triad will, in general, have different values for the first
derivative estimates, allowing estimation of the non-

Jlinear terms (at least to second order) from spatial
changes in the first derivatives. In the case of linear
vector point functions, a, a’, b and ¢ were constants
over the whole domain. For nonlinear functions, the
kinematic quantities can be considered constant only
over the triad of observations. That is, the obvious as-
sumption to make is that the field is locally linear. By
the Mean Value Theorem, there is some (unknown)

_ point within that triad where the true derivative takes
on that average value, and that point is considered to
be the centroid (see footnote 2). Thus, although a, 4/,
b and c are locally constant in a nonlinear situation,

~ one has to account for spatial variation in those quan-
tities—i.e., they have derivatives. Solving (3) for the

OC coordinate derivatives, one has

du i)

—_— + = '

F a b,a a —ec, "
oo _, v _

5)—‘—a +c,a =p—a,

so differentiating (4) gives the second derivatives of the
field -
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dxdy dy dy dx ax’
Fo _oa  dc_db _da
xdy dy dy dx dx

Suppose the flow is nondivergent (b = 0) and the
vorticity [2¢, where ¢ = c(x, y)] varies linearly. Then
the spatial variation of ¢ is specified by constant values
of dc/dx and dc/dy. Using the relationships above, these
derivatives are simply

&)

In this situation, the fields a and a’ (which together
comprise the resultant deformation, an invariant) can-
not both be constants, unless the vorticity vanishes al-
together (a trivial case). In particular, both deforma-
tions cannot be zero. Hence, one cannot have a non-
divergent flow with spatially varying vorticity, without
also having deformation (which also must vary spa-
tially), as stated without proof in Doswell (1984). A
similar argument could be made for a vector field which
is irrotational and has b = b(x, y), an example of which
might be the gradient of a scalar. A truly general vector
point function has rotation (i.e., its curl), divergence,
and deformation as general functions of space. (Note
that giving the rotational and divergent parts of a flow
is not equivalent to providing the irrotational and non-
divergent parts, since deformation is both irrotational
and nondivergent.)

We have already argued that in an OC space, treating
u and v as independent scalars is capable of handling
the linear variation of a vector field. For a nonlinear
field the fact that we have written the series expansions
for u and v independently suggests that they can always
be treated independently. However, it turns out that
for some situations, doing so creates some special
problems. In order to explore these issues, we must
turn our attention to the traditional mapping/differ-
encing method.

3. Properties of the traditional approach

The starting point for derivative estimation via the
traditional method from meteorological data is trans-
forming data from sample points to a regular grid. Al-
though this is done for the scalar components of the
wind field, the mapping method can be used for any
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scalar. This process often takes the form of a weighted
average®

N
U(Xg, Yg) = 2 Wi, YIW(X: = Xg, ¥i = o), (6)
i=1
where (x;, y,) is the point to which the data are to be
mapped (usually but not necessarily a grid point, as
shown by Caracena, 1987), while #i(x;, y;) represents
the sample data at points i = 1, 2, - - -, N. Relationship
(6) represents a type of discrete convolution of the
sample with the weight function, w. By considering
some idealized examples of the convolution process,
we can see how the result of (6) influences the esti-
mation of derivatives. :

a. Continuous, unbounded data

Consider a situation where the data are continuous
and unbounded. The analog to (6) in such a situation
is

ux, y) = J:o J:O ax', y'")

Xwx'—x,y' — y)dx'dy’ = iixw,

where the * denotes a continuous convolution. Taking
the first partial derivative of u with respect to x gives

au e oo e ] ] aw ] ] ! ¥
5;=f_ f_ u(x,y)-—ax(x—x,y—y)dxdy-
)

Note that a second term involving 3ii/dx does not ap-
pear because # is not formally a function of x. By mak-
ing a change of variable £ = x’ — X, it can be shown
that (dw/dx)dx’ = (—0w/dx')dx’. Then integrating (7)
by parts gives

du J‘*‘” . J‘+°° ol ol
—= Yo+ —dx'ldy = — sw.
. [[uw] Y dx]dy oY

®

The boundary terms vanish provided w - 0 as x’ —>
+00, which is the case for most forms of the weight
function. (Note that this argument is equally valid for
nonhomogenous and/or anisotropic forms of the
weight function, most of which also tend to zero with
increasing distance.) If one goes through a similar ar-
gument for v(x, y) and dv/dy, then it can be seen that

3 The process can take other forms, such as fitting polynomials,
but virtually all such other forms can be re-cast in terms of weighted
averages. This can be seen by noting that if one has a well-defined
spectral response associated with the process, one can do an inverse
Fourier transform of the spectral response to determine the effective
weight function. Although we have confined our attention to ho-
mogeneous, isotropic forms of the weight function, w, more general
forms of w can be uséd in our derivations, leading to complexities
which are, for our purposes, of secondary importance.
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the divergence (D) satisfies D = D*w, and so forth for
all the linear derivative properties of the field. This
means that in the case of continuous, unbounded data,
the dernivative of the convolution of the data with the
weight function is the same as the convolution of the
weight function with the derivative. If the weight func-
tion has smoothing properties, as it usually does, then
differentiating the smoothed data gives the same result
as smoothing the derivatives. Therefore, for continu-
ous, unbounded data, the invariant properties of the
vector field are preserved if one treats » and v as in-
dependent scalars.

b. Continuous, bounded data

For continuous, but bounded data domains, one can
make the same statement about the convolution as for
unbounded data, but it is valid only for regions within
the interior of the data domain. The critical part of the
derivation of (8) is the vanishing of the boundary terms.
For bounded data, the boundary terms can be neglected
when far from the data boundaries. By “far from the
boundaries”, we mean that the weight function be-
comes negligible before the boundary is encountered.
Away from boundaries, then, the derivative of the con-
volution of the data with the weight function is very
nearly equal to the convolution of the weight function
with the derivative. Near the boundaries, however, one
obtains a different answer if one first smooths the u
and v components and then calculates derivatives, than
if the derivatives are estimated and then smoothed.
This means that the invariant properties of the vector
field are altered by the traditional approach, at least
near the boundaries, even when the data are contin-
uous.

¢. Discrete data

One should consult Caracena (1987) for the details
of what is involved in going from continuous to discrete
mathematics in derivative estimation. It turns out that
we can extend the results just obtained to the discrete
convolution, under certain circumstances. That is, fi-
nite differencing of the data convolved with the weight
function can be equivalent (or nearly so) to the con-
volution of the derivative with the weight function, but
only when certain assumptions are met. In order to
understand those circumstances which allow the ex-
tension to discrete data, we have to examine finite dif-
ferentiation.

As a standard example,* define the finite difference
operators on a general function, f(x;,, y,), defined on
a grid (hence, the g-subscript) to be

4 Although a second order centered difference operator is hardly
the best differencing scheme available, it is used commonly in wind
field diagnosis. Further, it serves to illustrate derivative estimation
problems.






